Let X be a set of combinatorial objects with an action by a group G and a statistic ξ : X → C. The triple (X, G, ξ) is homomesic [Propp-Roby '13] if for any orbits O 1 , O 2 the average value of the statistic ξ is the same, that is
Introduction
Let X be a set of combinatorial objects, G a group acting on X with finite orbits, and ξ : X → C any complex-valued function. The triple (X, G, ξ) is homomesic if for any orbits If X is finite, this implies that the average value of ξ on any orbit is the average value of ξ on X. The concept of homomesy was first isolated by J. Propp-T. Roby [PR13a] , although an example of homomesy was previously conjectured in [Pan09] and proved by [AST13] .
Let SSYT k (m × n) denote the set of semistandard Young tableaux of shape m × n, i.e., m rows and n columns, with entries bounded above by k. For T ∈ SSYT k (m × n) and S a set of boxes in the m × n rectangle, define σ S (T ) to be the sum of the entries of T in the boxes of S. Let C k = c be a cyclic group of order k and let c act on SSYT k (m × n) as promotion of semistandard tableaux.
The following is our main result, which proves a conjecture of J. Propp-T. Roby [PR13b] .
Theorem 1.1. If S is fixed under 180
• degree rotation, then (SSYT k (m × n), C k , σ S ) exhibits homomesy.
In Section 2 we prove Theorem 1.1 via growth diagrams. In Section 3 we give an alternate proof by jeu de taquin in the standard Young tableau case. In Section 4 we prove a generalization to cominiscule posets. In Section 5 we conjecture a generalization to increasing tableaux under K-promotion, and prove the 2-row rectangular case.
Proof of the main result by growth diagrams
For λ a partition of N, we write |λ| = N. The set of semistandard Young tableaux of shape λ and maximum entry at most k is denoted SSYT k (λ). We routinely identify a partition with its Ferrers diagram, so that, for example, we regard the notations SSYT k (4, 4) and SSYT k (2 × 4) as synonymous. Let P and E denote respectively the operations of promotion and evacuation on SSYT k (λ). Let O[T ] denote the promotion orbit of a tableau T . We recall without proof some well-known facts we will need about promotion and evacuation.
Theorem 2.1 (cf., e.g, [Rho10, Sta99, Sta09] , and refs. therein).
is rectangular, E(T ) may be constructed by rotating T by 180
• and reversing the alphabet, so that entry i becomes k + 1 − i. Definition 1. Let T ∈ SSYT k (m × n) and let S = {B}, for B a box in the shape of T . We define Dist(T, B) to be the multiset
Theorem 1.1 follows immediately from Lemma 2.2. For if T ∈ SSYT k (m × n), then it follows from Theorem 2.1 that the orbits of T and E(T ) under promotion are of the same size ℓ, and that ℓ|k. Therefore Lemma 2.2 implies that for S = {B}, the multisets {σ S (P i (T )) : 0 ≤ i < ℓ} and {σ S (P i • E(T )) : 0 ≤ i < ℓ} are equal, and this, together with Theorem 2.1(d), yields Theorem 1.1.
The remainder of this section is devoted to a proof of Lemma 2.2, using Dyck paths and growth diagrams. For us a Dyck path is a path in the first quadrant of the plane from some point (0, y) to (n, y) that is built by gluing together two types of line segment: upsteps by (1, 1) and downsteps by (1, −1). (Our definition differs from that sometimes encountered in the literature in that we do not assume y = 0.) An example appears in Example 2.4.
We now define the growth diagram of a semistandard tableau T ∈ SSYT k (λ). This is built as follows. Let [T ] j denote the Ferrers diagram consisting of those boxes of T with entry i ≤ j. Identify T with a particular chain in the Young lattice, explicitly with the sequence of Ferrers diagrams ([T ] j ) 0≤j≤|λ| . Note that this sequence uniquely encodes T . Now write this sequence of Ferrers diagrams horizontally from left to right. Below this sequence, draw, in successive rows, the sequences of Ferrers diagrams associated to P i (T ) for i ≥ 1. Above this sequence, draw, in successive rows, the sequences of Ferrers diagrams associated to P i (T ) for i ≤ −1. Now offset each row one position to the right of the row immediately above it. Example 2.3 shows an example of this construction. The rank of a Ferrers diagram in the growth diagram is the number of diagrams appearing strictly left of it in its row, or equivalently the number of diagrams appearing strictly below it in its column. where the top row corresponds to T and the bottom row to P 5 (T ) = T .
Proof of Lemma 2.2. Let T and B be as in the statement of the lemma, and consider the growth diagram of T . We darken all shapes in the growth diagram that contain the box B (as in Example 2.4). Consider any row and the tableau R it encodes. Now look at the column containing the rightmost Ferrers diagram in this row. It is well-known that this column also encodes a tableau, and further that the tableau it encodes is precisely E(R) (cf., e.g., [Sta99, Sta09] ).
Fix any set {R i : i ∈ I} of k consecutive rows of the growth diagram. Then as multisets Dist(T, B) = {rank(D i ) : i ∈ I}, where D i is the leftmost darkened shape in R i . Similarly if we fix any set {C j : j ∈ J} of k consecutive columns, then Dist(E(T ), B) = {rank(D j ) : j ∈ J}, where D j is the bottommost darkened shape in C j .
Observe that the boundary between darkened and undarkened Ferrers diagrams forms a (rotation of a) Dyck path (cf. Example 2.4). Observe that the shapes D i , D j appear as vertices of this path, and that their ranks are the heights of the corresponding vertices. In terms of this Dyck path, we have that Dist(T, B) is the multiset of heights of the right-endpoints of down-edges and that Dist(E(T ), B) is the multiset of heights of the left-endpoints of upedges. Since the Dyck path starts and ends at the same height, in every horizontal slice of the Dyck path, the number of up-edges equals the number of down-edges. Thus these two multisets are equal, which completes the proof. Remark 2.1. Note that the same proof shows that Lemma 2.2 remains true for T ∈ SSYT k (λ) even when λ is not rectangular.
A jeu de taquin proof of the standard case
In this section we present an alternate proof of the standard Young tableau case of Theorem 1.1, using the jeu de taquin definition of promotion. Although the following arguments work without change for the near-standard Young tableaux of [PR13b] , we restrict ourselves in this section to standard Young tableaux for ease of exposition. As in Section 2, it will suffice to prove the standard case of Lemma 2.2.
First we fix some notations. Let T ∈ SYT(m × n), N = nm, and B be any box in the shape of T . We define the labeled promotion path of T to be the double sequence
given by the following algorithm. First, let X 1 be the box in the upper left corner in T . For i ≥ 1, recursively define X i+1 to be either the box below X i or to the right of X i according to which contains the smaller label in T . If exactly one of these two boxes does not exist in T , choose the one that exists. We stop when we reach the lower right corner of T ; consequently, ℓ = n + m − 1. Finally, let α i be the label in box X i . Now, P(T ) may be defined with respect to ρ(T ) as follows. First delete the value 1 in X 1 , shifting each α i to box X i−1 , labeling the box X ℓ with N + 1, and then decrementing all entries in T by one. Likewise, we may define P −1 (T ) by reversing the above algorithm. It will be helpful to observe that in the mapping T → P(T ) the labels slide northwest, whereas in the mapping T → P −1 (T ) the labels slide southeast. Now consider the following progression, which generates the orbit of T :
Setting (X j , α j ) = ρ(P j (T )), for 0 ≤ j < N, we define the multiset Out(T, B) = {α j i : X j i = B}. In words, this is the multiset of all labels that slide out of B during the progression (1). Likewise, we may define the multiset In(T, B) = {α j i+1 − 1 : X j i = B}. This is the multiset of all labels that slide into B, after they have been decremented by one.
We now proceed to prove the standard Young tableau case of Lemma 2.2. We will need the following lemma. (T, B) , the following must occur at some point during our progression (1) (T, B) . This defines a correspondence so that every b i ∈ In(T, B) is paired with some a i ∈ Out(T, B) such that:
and the multiset {a 1 , . . . , a k } = Out(T, B). Now we claim that for x ∈ [0, k], the multiplicity of x in Dist(T, B) is completely determined by the multisets Out(T, B) and In(T, B). To see this define A = {a ∈ Out(T, B) : a > x} and B = {b ∈ In(T, B) : b ≥ x}. Since a i ≤ b i , it is clear that every element in A must correspond to some element in B. But then the |B| − |A| other elements in B must correspond to elements in Out(T, B) \ A. So, |B| − |A| is the multiplicity of x in Dist(T, B). By Lemma 3.1 the same argument shows that |B| − |A| must also be the distribution of x in Dist(E(T ), B), completing the proof.
We now conclude this section with a proof of Lemma 3.1. To begin let us return to the progression (1). Imagine that at the beginning of this progression each box in T contains a marker labeled with the box's entry in T . Now consider the marker with label N in the lower right box in T . Under each successive step in (1), this marker either remains in place, slides one unit left or one unit up and, regardless, its label is then decremented 1. Consequently, after N − 1 steps this marker is labeled 1 and therefore is located in the upper left box of P N −1 (T ). Consequently, this marker must have traveled along a sequence of l = m + n − 1 boxes B 1 , . . . , B l that starts at the lower right box and ends at the upper left box. Defining a sequence of labels β 1 , . . . , β l so that β 1 = 1 and β i is the label on our marker as it slides out of B i we obtain another labeled path τ (T ) = (B 1 , . . . , B k , β 1 , . . . , β l ) called the trajectory.
Remark 3.1. Recall that promotion shifts the markers northwest and decrements their labels by one whereas P −1 does the opposite. As a result, each marker M in T corresponds to a unique index 0 ≤ j < N so that M is in the bottom right corner of P j (T ). As a result we may think of τ (P j (T )) as the "trajectory" of the marker M.
Lemma 3.2. We have τ (P −i (T )) = ρ(P i (E(T ))).
Proof.
The case when i = 0 follows directly from the proof of [Sta09, Theorem 2.3], after modification to account for our labels. Since P i (E(T )) = E(P −i (T )), the result for i = 0 follows by replacing T by P −i (T ) in the i = 0 case.
Proof of Lemma 3.1. Fix a ∈ Out(T, B).
In terms of markers, this means that there is a unique j so that during the step P j (T ) −→ P j+1 (T ), some marker M with label a slides out of box B. By the remark above, we see that τ (P j−(N −a) (T )) = (B, β) is the trajectory of the marker M. So for some k we must have B k = B and β k = a. By Lemma 3.2 we may conclude that a ∈ Out(E(T ), B).
This argument certainly shows that Out(T, B) ⊂ Out(E(T ), B) as sets. Interchanging T and E(T ) we have equality as sets. To see that we actually have equality as multisets note that any two occurrences of a in Out(T, B) must slide out of B at different points along the progression (1).
The second claim now follows by a few symmetries. If for a multiset A we define A to be the multiset obtained by replacing each member x of A by N + 1 − x then
where In P −1 is defined the same as In except that we replace P by P −1 .
Linear extensions of cominuscule posets
In this paper, all posets will be assumed finite. A linear extension of a poset is an orderpreserving map onto a chain (linearly ordered set). Observe that standard Young tableaux of shape λ may be identified with linear extensions of λ, where we think of λ as a poset in which each box is covered by those immediately below it and to its right. We write SYT(P ) for the set of linear extensions of a poset P . (Note that we do not generally have a notion corresponding to semistandard tableaux.) There are analogous definitions of promotion and evacuation in this setting (cf. [Sta09] ), which we denote by P and E respectively. If S is a set of elements in the poset P and T : P → n is a linear extension, we define
We now prove a generalization of Theorem 1.1 to the larger class of cominuscule posets. Although we define this class algebraically, it may also be described purely combinatorially. In defining this class of posets, we mostly follow the notation and exposition of [TY09a] , which may be consulted for further details and references regarding these well-studied posets. Let G be a complex connected reductive Lie group with maximal torus T . Let W denote the Weyl group N(T )/T . Let Φ = Φ + ⊔ Φ − denote the root system of G, as partitioned into positive and negative roots, with ∆ denoting the choice of simple roots. The set Φ + of positive roots has a poset structure (Φ + , <) defined as the transitive closure of the covering relation α ⋖ β if and only if β − α ∈ ∆.
We say a simple root µ is cominuscule if in the simple root expansions of all the positive roots, µ appears with multiplicity at most 1. For µ cominuscule, let Λ µ ⊆ (Φ + , <) be the subposet of positive roots for which µ appears in the simple root expansion. We call such a poset cominuscule.
The cominuscule posets are completely classified: there are three infinite families (rectangles, shifted staircases, propellers) and two exceptional examples. These are all illustrated in Figure 1 . The parabolic subgroups of W are in canonical bijection with the subsets of ∆. For µ cominuscule, let w µ denote the longest element of the parabolic subgroup W µ ≤ W corresponding to the subset ∆\{µ}. It is not hard to show that w µ acts as an involution on Λ µ . Following [TY09a, §2.2], we denote this action on Λ µ by rotate. For rectangles, propellers, and the Cayley poset, this action is exactly 180
• rotation. For shifted staircases and the Freudenthal poset, it is reflection across the antidiagonal.
The following theorem generalizes Theorem 1.1 to nonrectangular cominuscule posets.
Theorem 4.1. Let P be a cominuscule poset, S ⊆ P a set of elements fixed under rotate, and C = c a cyclic group with c acting on SYT(P ) by promotion. Then
Proof. Let T ∈ SYT(P ) with P cominuscule. By [TY08, Lemma 2.1], E(T ) may be formed by applying rotate and reversing the alphabet (so i becomes |P | + 1 − i).
The theorem then follows from a poset analogue of Lemma 2.2. For this the growth diagram proof of Lemma 2.2 may be copied nearly verbatim, using the cardinality of the promotion orbit in place of k.
Increasing tableaux and K-promotion
Let P be a finite poset. An increasing tableau is an order-preserving surjection T : P → n onto a chain, where n is potentially less than |P |. In the case where P is a Ferrers poset, such tableaux may be realized as semistandard tableaux such that all rows and columns are strictly increasing and the set of entries is an initial segment of Z ≥0 . We denote by Inc k (P ) the set of increasing tableaux T : P → n where n = |P | − k. Notice Inc 0 (P ) = SYT(P ).
Following [TY09b, Pec12] , we define an operation of K-promotion on Inc k (P ). For T ∈ Inc k (P ) and p ∈ P , we think of T (p) as a label on the element p. For every pair of labels {a, b}, we define an operation switch a,b . Every element labeled a is relabeled b if it covers or is covered by an element labeled b. Simultaneously, every element labeled b is relabeled a if it covers or is covered by a element labeled a. (The result of this operation will not generally be a increasing tableau.)
The K-promotion of T ∈ Inc k (P ) is formed as follows. First replace each label 1 with a bullet •. Then for 2 ≤ i ≤ |P | −k, successively apply the operators switch i,• . Finally reduce each label by 1, and replace each bullet with the label |P | − k. We denote the operation of K-promotion by P. Note that although when P is a Ferrers poset increasing tableaux may be realized as a subclass of semistandard tableaux, K-promotion of such an increasing tableau T generally differs from its promotion as a semistandard tableau. The two concepts however agree in the case where T is in fact standard.
For T ∈ Inc k (P ), let [T ] j denote the order ideal consisting of those p ∈ P with T (p) ≤ j. The K-evacuation E(T ) of an increasing tableau T is defined by the sequence of order ideals ([P |P |−k−j (T )] j ) 0≤j≤|P |−k . We conjecture a further generalization of Theorem 4.1.
Conjecture 5.2. Let P be a cominuscule poset, S ⊆ P a set of elements fixed under rotate, and C = c a cyclic group with c acting on SYT(P ) by K-promotion. Then for any k, (Inc k (P ), C, σ S ) is homomesic.
We can prove one other special case of this conjecture.
Theorem 5.3. Let λ be a 2 × n rectangle for some n, and let S ⊆ P be a set of elements fixed under 180
• rotation. Then for any k, (Inc k (P ), C, σ S ) is homomesic.
Proof. The fact that in this case K-evacuation is the same as 180
• rotation plus alphabet reversal is [Pec12, Proposition 3.9]. The other facts about K-growth diagrams necessary to easily obtain an analogue of Lemma 2.2 appear in [Pec12, §3] and [TY09b, §2, 4] .
For large rectangles, however, the naive generalization of Theorem 2.1(d) does not hold, so new ideas are needed to prove Conjecture 5.2.
Example 5.4. If T = 1 2 4 7 3 4 6 8 5 6 8 10 7 9 10 11
, then E(T ) = 1 2 3 5 2 4 5 7 4 6 7 9 5 8 10 11
, while rotating 180
• and reversing the alphabet would produce 1 2 3 5 2 4 6 7 4 6 8 9 5 8 10 11
.
